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Abstract
We propose a generalization of the Bagger-Lambert-Gustavsson action as a can-
didate for the description of an arbitrary number of M2-branes. The action is
formulated in terms of N = 2 superfields in three dimensions and corresponds
to an extension of the usual superfield formulation of Chern-Simons matter theo-
ries. Demanding gauge invariance of the resulting theory does not imply the total
antisymmetry of the underlying 3-Lie algebra structure constants. We relax this
condition and propose a class of examples for these generalized 3-Lie algebras.
We also discuss various associated ordinary Lie algebras.
PACS numbers: 11.25.Hf, 02.20.Sv
1. Introduction
Inspired by the results of [1], Bagger and Lambert [2, 3, 4] and Gustavsson [5, 6] constructed
a theory which they conjectured to describe stacks of M2-branes, analogously to maximally
supersymmetric Yang-Mills (SYM) theory describing the low-energy effective theory of mul-
tiple D-branes. The theory is an N = 8 supersymmetric Chern-Simons matter theory living
on a three dimensional Minkowski space. The no-go theorem for the construction of such
theories [7] is circumvented by replacing the gauge algebra structure by a so-called 3-Lie alge-
bra. Later on, it has been shown [8] that there exists a procedure1 which can be interpreted
as compactifying a transverse direction on a circle and which reduces the Bagger-Lambert-
Gustavsson (BLG) theory to the corresponding action on multiple D2-branes plus corrections
in 1gYM ; this confirmed the original interpretation of BLG.
Since its construction, this model has received a great deal of attention. A serious short-
coming was however encountered soon: the only 3-Lie algebra with positive definite metric
which reduces to super Yang-Mills theory with gauge group U(N) is – in the classification
of [11] – A4, as was shown in [12]; see also [13, 14, 15, 16]. The BLG theory with this 3-Lie
algebra describes two M2-branes according to the interpretation of [8]. Thus, it seems that
the structure of a 3-Lie algebra has to be generalized to accommodate stacks of more than
two M2-branes. Various generalizations have been proposed in the literature and we discuss
them in section 2.3. The most prominent modification introduces ghosts into the theory and
after removing them, one is left with the ordinary N = 8 SYM theory on R1,2 [17], which is
not the M2-brane theory one would expect.
In this paper, we try to formulate a BLG-like theory using theN = 2 superspace extension
ofR1,2; for previous work in a similar direction see [18] and also [19]. Our goal is to write down
a fully supersymmetric theory which makes use of a triple bracket [ · , · , · ] : A×A×A → A
on a vector space A. In contrast to the BLG theory, we do not demand this bracket to be
totally antisymmetric. However, we demand that the kinetic term for the gauge potential
be of the same Chern-Simons form as in the BLG theory. We then impose the minimal
constraints on the triple bracket to achieve gauge invariance of our theory. The result is
indeed a generalization of the concept of a metric 3-Lie algebra.
We briefly review 3-Lie algebras and the BLG theory in section 2 before we write down a
new superfield action in section 3. In this section, we also derive the component action and
its equations of motion, and discuss some of the model’s properties. Section 4 deals with
generalized 3-Lie algebras: After giving the definition, we present a class of examples and
discuss possible reduction mechanisms to ordinary Lie algebras. We conclude with section 5.
2. The BLG theory
First, we will briefly recall the definition of metric n-Lie algebras as introduced by Filippov
in [11], of which ordinary Lie algebras (n = 2) and the 3-Lie algebras appearing in the BLG
theory are special cases. We then review the Bagger-Lambert-Gustavsson (BLG) theory,
which was essentially developed in the papers [2, 3, 4] and [5, 6]. Also, we summarize some
1See also [9, 10] for an interpretation of this mechanism.
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drawbacks of the conventional formulations of the theory. These motivate us to introduce a
generalized 3-Lie algebra and a gauge theory Lagrangian based on it.
2.1. Reminder: n-Lie algebras
Definition. Given a C-module A, define a (complex) n-Lie algebra [11] as an algebra with
an n-ary map [ · , . . . , · ] : An → A such that:
(a) [ · , . . . , · ] is totally antisymmetric, i.e.
[τ1, . . . , τn] = (−1)|σ|[τσ(1), . . . , τσ(n)] , τi ∈ A (2.1)
(b) any (n − 1)-plet acts via [ · , . . . , · ] as a derivation, i.e. the bracket satisfies the fun-
damental identity for all τi, ρi ∈ A
[τ1, . . . , τn−1, [ρ1, . . . , ρn]] =
n∑
i=1
[ρ1, . . . , ρi−1, [τ1, . . . , τn−1, ρi], ρi+1, . . . , ρn] . (2.2)
Simple examples are given by the n-Lie algebras [11] An+1, n ∈ N: Consider an n + 1-
dimensional complex vector space V with an orthonormal basis (eµ) and define the n-ary
product [x1, . . . , xn], xµ ∈ V as the determinant of the matrix (x1 . . . xn e). In particular, the
algebra A4 has attracted much attention recently in the following form: Let A be spanned by
the four-dimensional γ-matrices2 (γµ) and let γ5 = γ
1 . . . γ4. One can define a triple product
[5]
[a, b, c] := [[a, b]γ5, c] , a, b, c ∈ A , (2.3)
which makes A into a 3-Lie algebra isomorphic to A4, as one readily checks.
For simplicity, let us now restrict to the case of 3-Lie algebras, although most of the
notions readily generalize to arbitrary n-Lie algebras. A submodule I ⊂ A is called an ideal,
if for all i ∈ I, a, b ∈ A, the product [i, a, b] is again in I. A 3-Lie algebra A is called simple,
if A 6= 0 and A contains no ideals except for 0 and A. It is easy to see that the 3-Lie algebra
A4 is simple.
Let us now add more structure to the 3-Lie algebra. If A as a vector space is spanned
by the basis (τa), then the triple product is completely encoded in the structure constants
fabcd defined via
[τa, τ b, τ c] =: fabcdτ
d , (2.4)
and they are antisymmetric in the first three indices by definition, cf. (2.1). Defining a
Hermitian structure via the pairing ( · , · ) : A2 → C, we have a Hermitian matrix hab from
(τa, τ b) =: hab . (2.5)
We can use this tensor to lift indices: fabce = hedfabcd. If we require that the pairing is
invariant under the transformations generated by the 3-bracket, i.e.
([ρc, ρd, τa], τ b) + (τa, [ρc, ρd, τ b]) = 0 (2.6)
2See the appendix for more details on our conventions.
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for all ρa, τa ∈ A, then fabcd is totally antisymmetric, see e.g. [15]. In terms of the structure
constants, the fundamental identity (2.2) reads
f efgdf
abc
g = f
efa
gf
gbc
d + f
efb
gf
agc
d + f
efc
gf
abg
d (2.7)
and is related to contracted Plu¨cker equations [15, 13]. Note that the structure constants of
A4 are given by f
abcd = 4εabcd.
The representations of the n-Lie algebras An have been studied in [20]; further remarks
on representation theory of 3-Lie algebras are found in [21].
2.2. The Bagger-Lambert-Gustavsson theory
Consider a real 3-Lie algebra A of dimension k with generators τa, a = 1, . . . , k, structure
constants fabcd and a symmetric bilinear pairing ( · , · ) : A × A → R satisfying (2.6) and
giving rise to a positive definite metric hab = (τa, τ b). The field content of the BLG theory
is given by eight scalar fields XIa, I = 1, . . . , 8, transforming in the vector representation of
SO(8) and world-volume Majorana spinors Ψa having (suppressed) spinor indices of SO(1, 2)
and SO(8). Both take values in a 3-Lie algebra, as indicated by the index a. We work with
the 32×32-dimensional, anticommuting gamma matrices (Γµ,ΓI), where we split the eleven-
dimensional index into (µ, I) according to the branching SO(1, 10) ⊃ SO(1, 2) × SO(8). The
spinors are the Goldstinos of this symmetry breaking and thus satisfy Γ012ψ
a = −ψa. From
the Majorana property, we obtain ψ¯a = (ψa)TC, where C is the charge conjugation operator
as described e.g. in appendix B of [22]. In addition, there is a gauge potential Aµ ab = −Aµ ba,
yielding a covariant derivative
(∇µX)a = ∂µXa −XbA˜ba , A˜µba := Aµ cdf cdba . (2.8)
For future use, we associate a field strength F˜µν
a
b to this potential:
F˜µν
a
b = ∂µA˜ν
a
b − ∂νA˜µab + A˜µacA˜νcb − A˜νacA˜µcb . (2.9)
The Lagrangian of the BLG theory takes the form [3]
LBLG = − 12 (∇µXIa∇µXIa) + i2 Ψ¯aΓµ∇µΨa
+ fabcd i4 Ψ¯bΓIJX
I
cX
J
dΨa − 112fabcdf efgdXIaXJb XKc XIeXJfXKg
+ 12ε
µνκ
(
fabcdAµab∂νAκ cd +
2
3f
cda
gf
efgbAµabAν cdAκ ef
)
.
(2.10)
We chose to give the Lagrangian in terms of the structure constants rather than the 3-
bracket as in this way, we avoid any ambiguities in the treatment of the fermionic fields. The
equations of motion to (2.10), which had been independently derived in [5], are given by [3]
∇µ∇µXKa − i2Ψ¯cΓKIXIdΨbf bcda + 12f bcdgf efgaXIeXJfXIbXJc XKd = 0 ,
Γµ∇µΨa + 12f cdbaΓIJXIcXJdΨb = 0 ,
F˜µν
b
a + εµνκ(X
J
c ∇κXJd + i2 Ψ¯cΓκΨd)f cdba = 0 .
(2.11)
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The action arising from the Lagrangian (2.10) is invariant under the supersymmetries
generated by
δXIa = iε¯Γ
IΨa ,
δΨa = ∇µXIaΓµΓIε− 16XIbXJc XKd f bcdaΓIJKε ,
δA˜µ
b
a = iε¯ΓµΓIX
I
cΨdf
cdb
a ,
(2.12)
up to equations of motion; the corresponding supersymmetry algebra closes only on shell and
requiring closure of this algebra is how the equations of motion were found in the first place.
Here, ε is a Majorana spinor corresponding to the 16 unbroken supersymmetries under the
branching SO(1, 2) × SO(8) ⊂ SO(1, 10) and thus satisfies Γ012ε = ε.
The action is simultaneously invariant under the gauge transformations of the form
δXd = λ˜
c
dXc , δX = λab[τ
a, τ b,X] ,
δΨd = λ˜
c
dΨc , δΨ = λab[τ
a, τ b,Ψ] ,
δAµ ab = ∂µλab + λ˜
c
aAµ cb + λ˜
c
bAµac ,
δA˜µ
a
b = ∇µλ˜ab =: ∂µλ˜ab + A˜µacλ˜cb − λ˜acA˜µcb ,
δF˜µν
a
b = −λ˜acF˜µνcb + F˜µνacλ˜cb ,
(2.13)
where tilded objects are defined as before, i.e. for example λ˜cd = f
abc
dλab. As one easily
verifies, the gauge algebra closes. Note that in [3], the field A˜µ
a
b was considered physical,
and only the gauge transformations for this field were given. The transformation law we gave
here for the field Aµab is compatible with that of A˜µ
a
b and the resulting gauge algebra closes
again.
Since we also have δ(∇µX)a = λ˜ca(∇µX)c, gauge invariance of all terms except for the
Chern-Simons term is evident. The latter is found to transform according to
δLCS = εµνκ(δAµ ab) F˜νκahhbh . (2.14)
This is the usual transformation law for Chern-Simons theory, and the gauge transformations
produce a term containing a total derivative and a winding number term.
2.3. Shortcomings of the theory
Fixing one of the indices in the structure constants of a 3-Lie algebra A, one obtains the
structure constants of the associated 2-Lie algebra A˜(a0) [11]:
f˜ bcd = f
a0bc
d . (2.15)
Due to the fundamental identity (2.7), the Jacobi identity
f˜ ijkf˜
kl
m + f˜
li
kf˜
kj
m + f˜
jl
kf˜
ki
m = 0 (2.16)
is automatically satisfied. This reduction can be implemented by a Higgsing procedure [8]
which effectively reduces the BLG theory to a deformed version of the Yang-Mills theory
describing the low energy effective action on multiple D2 branes, cf. section 4.3. It has been
shown in [12] and later in [13, 14] that essentially the only 3-Lie algebra admitting u(N) as
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its associated 2-Lie algebra is isomorphic3 to A4. In this case, the Lie algebra obtained is
su(2), as f˜abc = 4εabc. This implies that – supposing the Higgsing procedure of [8] – the BLG
theory can only describe a stack of two M2-branes.
To extend to a description of more than two M2-branes, there are essentially two strate-
gies: giving up total antisymmetry of the structure constants or giving up a positive definite
metric. The first approach has been followed in [23], where the BLG theory has been dis-
cussed in this more general setting on the level of equations of motion. The latter approach
has been followed in [24]-[29], see also [30], and introduces ghosts into the theory. A detailed
analysis of this situation can be found in [31]. The results of [17] seem to indicate, however,
that after removing the ghosts, one arrives at maximally supersymmetric Yang-Mills theory
in three dimensions and thus at exactly the low energy description of a stack of D2-branes.
The absence of corrections shows that this is not the M2-brane theory one would hope for.
A third, more recently proposed variant is a reformulation of the BLG theory [32] as a
U(N) × U(N) gauge theory. The latter seems particularly attractive, as it has been shown
[33] that this theory is integrable.
3. Superfield formulation
In this section, we develop a superfield formulation of BLG-like actions. This formulation
automatically gives us a manifestlyN = 2 supersymmetric theory. The constraints we have to
impose on the structure constants of the generalized 3-Lie algebra come from imposing gauge
symmetry. We find that the structure constants do not have to be totally antisymmetric.
Let us also stress that even with totally antisymmetric structure constants, our theory will
differ from the BLG model.
3.1. Conventions
We follow closely the conventions of Wess and Bagger [34]. Three-dimensional N = 2 su-
perspace can be obtained by the usual Kaluza-Klein dimensional reduction of ordinary, four-
dimensional N = 1 superspace in the x2-direction, i.e.
σµˆαα˙ →
{
σ
(0,1,2)
αα˙ = σ
(0ˆ,1ˆ,3ˆ)
(αα˙) , µˆ 6= 2 ,
iεαα˙ , µˆ = 2 .
(3.1)
We work with signature (−,+,+) and our ε-conventions read
ε21 = ε
12 = −ε12 = −ε21 = 1 . (3.2)
The superspace R3|4 has coordinates (xµ, θα, θ¯α˙) with the usual reality condition that θ¯α˙ =
θα. Also we use as a raising and lowering convention for spinor indices ψ
α = εαβψβ and
ψα = εαβψ
β as well as the shorthand notations θ4 := θ2θ¯2, (θλ) := θαλα and (θ¯λ¯) := θ¯α˙λ¯
α˙.
There is no longer a distinction between dotted and undotted indices in three dimensions,
as all fermion fields are spinors of SL(2,R) and thus real; for convenience, we nevertheless
3Evidently, a similar reduction process from a n+ 1-algebra to a n-algebra can be defined. For the series
An, this reduction always ends up with A4, as the structure constants are the n-dimensional epsilon-tensors.
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use them in our formulas. Note, however, that we defined different conventions for the
contraction of either barred or unbarred spinors.
The coordinates on the chiral and anti-chiral superspaces are defined as
yµ := xµ + iθασµαα˙θ¯
α˙ , y¯µ := xµ − iθασµαα˙θ¯α˙ . (3.3)
We use the superfield expansions with the gauge superfield in Wess-Zumino gauge as
given in [34]. Note that bars are used instead of daggers to simplify notation:
Φi(y) = φi(y) +
√
2(θψi(y)) + θ2F i(y) , i = 1, . . . , 4 ,
Φ¯i(y¯) = φ¯i(y¯) +
√
2(θ¯ψ¯i(y¯))− θ¯2F¯ i(y¯) ,
VWZ(x) = −θαθ¯α˙(σµαα˙Aµ(x) + iεαα˙σ(x)) + iθ2(θ¯λ¯(x))− iθ¯2(θλ(x)) + 12θ2θ¯2D(x) .
(3.4)
As far as the 3-algebra structure is concerned, we assume that we have a real vector space
A endowed with a triple bracket [ · , · , · ] : A×A×A→ A and a symmetric, bilinear, positive
definite pairing ( · , · ) : A × A → R. We assume that A is finite dimensional and can be
spanned by the basis (τa), which defines the structure constants and the metric tensor as
before:
[τa, τ b, τ c] = fabcdτ
d , hab = (τa, τ b) , fabcd = fabceh
ed = ([τa, τ b, τ c], τd) . (3.5)
No further constraints are imposed on the 3-algebra a priori.
3.2. The superfield action
Note that already in the paper [2], the authors gave the following superspace Lagrangian for
the ungauged theory:
L = c1
∫
d4θ(Φ¯i,Φi)+c2
∫
d2θεijkl(Φ
i, [Φj ,Φk,Φl])+c2
∫
d2θ¯εijkl(Φ¯
i, [Φ¯j , Φ¯k, Φ¯l]) , (3.6)
where c1, c2 are (real) constants. The body φ
i of the superfield Φi is identified with the linear
combination XI + iXI+1, where I = 2i − 1. In the following, we extend this superspace
Lagrangian to incorporate a gauge theory.
The N = 2 superfield Lagrangian for Chern-Simons theory is well known [35, 36]. This
Lagrangian uses a formal parameter t, which is integrated over, and we fix the simplest
possible t-dependence. For a discussion of more general choices, see [36]. Our action S =∫
d3xL is given by the Lagrangian L = LCS + LCS′ + LM whose individual parts are
LCS = κ
2
∫ 1
0
dt
∫
d4θ V ×
(
εαα˙D¯α˙(exp(2itV˜ )Dα(exp(−2itV˜ )))
)
,
LCS′ = κ
2
∫ 1
0
dt
∫
d4θ 12V × εαα˙
(
−(2itV˜ )D¯α˙Dα(−2itV˜ ) + D¯α˙Dα(2itV˜ )(−2itV˜ )
)
,
LM =
∫
d4θ (Φ¯,Φexp(2iV˜ )) +
∫
d2θW(Φ) +
∫
d2θ¯W(Φ¯) ,
(3.7)
where the various products are defined as
A× B˜ := Aab B˜ac hcb , (A˜B˜)ab := A˜acB˜cb and (ΦA˜)a := ΦbA˜ba . (3.8)
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The superpotentialW(Φ) is a polynomial in Φ with indices fully contracted and constructed
from the triple bracket and the metric. The term LCS′ is responsible for cancelling couplings
between the gauge and matter fields which go beyond the minimal possible coupling. This is
a new feature of the gauge theory using the triple bracket. It is trivial to see that this term
would vanish if the gauge algebra were an ordinary Lie algebra4. The Lagrangian is trivially
supersymmetric, as all the summands are superfields and the full integral over the superspace
has to transform into spacetime derivatives under supersymmetry transformations. We can
thus focus on discussing the gauge invariance. In fact, not surprisingly, all the restrictions on
the structure constants of the generalized 3-Lie algebra come from imposing gauge symmetry.
First of all, we want the covariant derivative to read as
(∇µφ)a = ∂µφa − φcA˜ca , (3.9)
and this is the reason for putting the exponential factor containing the vector superfield in the
D-term on the right hand side of the scalar superfield in LM . To reproduce the appropriate
kinetic terms for scalars and fermions, we have to impose the condition
hbcA˜ac =: A˜
ab = −A˜ba ⇔ fabcd = −fabdc . (3.10)
This condition amounts to metric compatibility, cf. (2.6), and we will come back to this point.
Note that this covariant derivative can be partially integrated:
(∇µφ,ψ) = −(φ,∇µψ) . (3.11)
We can now summarize the contributions of the various parts of the Lagrangian to the
total action in terms of the component fields:
LCS = κ
(
εµνκ
(
Aµ × (∂νA˜κ) + 23Aµ × (A˜νA˜κ)
)
− iλ¯α × λ˜α − iλα × ˜¯λα
−D × σ˜ − σ × D˜ − 23 iAµ × (σ˜A˜µ) + 23 iAµ × (A˜µσ˜)
)
,
LCS′ = κ
(
2
3 iAµ × (σ˜A˜µ)− 23 iAµ × (A˜µσ˜)
)
,
LM = (F¯ i, F i)− (∇µφ¯i,∇µφi)− i(ψ¯i, σµ∇µψi) + i(φ¯i, φiD˜)−
√
2(φ¯i, (ψiλ˜))
+
√
2((ψ¯i ˜¯λ), φi) + (φ¯i, φiσ˜σ˜)− εα˙α(ψ¯iα˙, ψiασ˜)
+
∫
d2θW(Φ) +
∫
d2θ¯W(Φ¯) .
(3.12)
3.3. Constraints on the structure constants and gauge invariance
There are two constraints which we have to impose on the structure constants right away:
First, we demand that under the gauge symmetries X 7→ X + [a, b,X] generated by the 3-
bracket, a 3-bracket of scalars should transform as a scalar. This amounts to the fundamental
identity (2.7). Second, the scalar product ( · , · ) should be invariant under these symmetries,
cf. (2.6). This implies that the structure constants are antisymmetric in their last two indices,
the condition we stated above in eq. (3.10) for arriving at the desired kinetic terms for the
matter fields.
4In this case, there was no distinction between V and V˜ and a trace would enclose all terms.
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One further constraint comes from gauge invariance. Consider the following gauge trans-
formations:
exp(2iV˜ ′) = exp(−iΛ˜) exp(2iV˜ ) exp(i ˜¯Λ) ,
Φ′ = Φexp(iΛ˜) ,
Φ¯′ = exp(−i ˜¯Λ)Φ¯ ,
(3.13)
where Λ and Λ¯ are chiral and antichiral superfields, respectively. Restricting supergauge
transformations to those preserving the Wess-Zumino gauge, we obtain Λ˜ = iλ. Note that
we work with the convention λ¯ = −λ. We have then:
δφid = λ˜
c
dφ
i
c , δφ
i = λab[τ
a, τ b, φi] ,
δψid = λ˜
c
dψ
i
c , δψ
i = λab[τ
a, τ b, ψi] ,
δAµ ab = ∂µλab + λ˜
c
aAµ cb + λ˜
c
bAµ ac ,
δA˜µ
a
b = ∇µλ˜ab =: ∂µλ˜ab + A˜µacλ˜cb − λ˜acA˜µcb ,
(δD)ab = λ˜
c
aDcb + λ˜
c
bDac , δσ = λ˜
c
aσcb + λ˜
c
bσac .
(3.14)
Closure of the gauge algebra is again immediate and does not require any constraints on
the structure constants. Gauge invariance of the action implies that the Chern-Simons term
should transform according to
δ(εµνκ
(
Aµ × (∂νA˜κ) + 23Aµ × (A˜νA˜κ)
)
) = εµνκ(δAµ)× F˜νκ , (3.15)
cf. (2.14). Here, the field strength F˜νκ is defined in (2.9). For the transformation law (3.15),
we needed the property fabcd = f cdab of the structure constants. Altogether, the total
symmetry properties of the structure constants are
fabcd = −f bacd = −fabdc = f cdab . (3.16)
Using these relations and the fundamental identity, we can easily check the gauge invariance
of the action, e.g.
δ(D × σ˜) = (δD) × σ˜ +D × (δσ˜)
= Debλghσcd
(
fabcdf ghea + f
eacdf ghba + f
ebadf ghca + f
ebcaf ghda
)
= 0 ,
(3.17)
The terms arising from the superpotential are gauge invariant, as long as all expressions are
constructed from the pairing ( · , · ) and the three-bracket [ · , · , · ].
One should stress that the symmetry properties given above in (3.16) guarantee su-
persymmetry as well as gauge invariance of our action (3.7). These symmetry properties,
however, are not sufficient to render the original BLG theory supersymmetric, while its gauge
invariance is guaranteed by the fundamental identity and the metric compatibility condition.
3.4. Component action and equations of motion
Having fixed the symmetry properties of the structure constants fabcd to (3.16), we can
integrate out the auxiliary fields D,σ, F i and λα to arrive at the component action and
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determine the equations of motion. The Lagrangian then reads
L = κεµνκ
(
Aµ × (∂νA˜κ) + 23Aµ × (A˜νA˜κ)
)
− (∇µφ¯i,∇µφi)− i(ψ¯i, σµ∇µψi)
+
1
4κ2
(
[φ¯i, φi, φj ], [φ¯k, φk, φ¯j ]
)
− i
2κ
(
[φ¯i, φi, ψ¯jα], ψ
j α
)
+
i
κ
(
[ψ¯j α, φj , φ¯i], ψiα
)
+
∫
d2θW(Φ) +
∫
d2θ¯W(Φ¯) .
(3.18)
Note that one has to fix a convention for how to treat fermionic fields and their interchange
in a triple bracket. The bracket we use is independent of parity in the following sense:
([A,B,C],D) := AaBbCcDd([τ
a, τ b, τ c], τd) = AaBbCcDdf
abcd . (3.19)
Putting the superpotential terms to zero, we obtain the corresponding equations of mo-
tion:
2F˜ρσ
a
b + εµρσ
(
iψ¯ieσ
µψif − φ¯ie(∇µφi)f + (∇µφ¯i)eφif
)
f efab = 0 ,
(σµ∇µψi)α˙ − 1
2κ
[φ¯j , φj , ψiα˙]−
1
κ
[φ¯j , ψjα˙, φ
i] = 0 ,
∇µ∇µφi − 1
2κ2
[φj, [φ¯k, φk, φ¯j ], φi] +
1
4κ2
[φ¯k, φk, [φ¯j , φj , φi]]
− i
2κ
[ψ¯jα, ψ
j α, φi] +
i
κ
[ψ¯j α, φj , ψiα] = 0 .
(3.20)
Examples of the superpotential terms involving one triple bracket and yielding nontrivial
contributions are
Wα(Φ) = αεijkl([Φi,Φj,Φk],Φl) and Wβ(Φ) = β([Φi,Φj,Φi],Φj) . (3.21)
The first term reproduces the potential terms of the BLG theory; the second term evidently
vanishes if the triple bracket is given by that of a 3-Lie algebra.
3.5. Reduced R-symmetry and generalizations
Rewriting the component action (3.18) using real scalar fields XI , one notices that the sym-
metry group SO(8) mixing the eight real scalar fields (as well as their fermionic superpartners)
of the free action is broken by the matter field potential down to U(4). This is reminiscent
of the case of N = 4 super Yang-Mills theory in four dimensions written in terms of N = 1
superfields, where the full R-symmetry group was only obtained since the couplings of the
superpotential terms are tuned to a specific value. Let us therefore look more carefully at the
superpotential terms at hand (3.21). The first term Wα(Φ) breaks U(4) down to SU(4)×Z2
and produces the BLG interaction terms which we know to be invariant under SO(8). (All
the indices I, J,K appearing after replacing φi → XI +iXI+1 with I = 2i− 1 are contracted
with δIJ .) The second term Wβ(Φ), however, would break the R-symmetry group even more
severely than the potential terms arising from integrating out the auxiliary fields D and σ:
the (manifest) resulting subgroup would be SO(4). One easily verifies that adding arbitrary
combinations of these superpotential terms to the action cannot restore the SO(8) invari-
ance. Without the potential terms, the Lagrangian (3.18) is U(4) invariant. Whether the
proposed Lagrangian has enhanced supersymmetry and what part of this U(4) symmetry is
an R-symmetry and what part is just the flavour symmetry remains to be seen.
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An unlikely solution to the problem of restoring the full R-symmetry group might be a
deformation of the D-term in the action, which corresponds to assuming that the target space
of the M2-branes is not flat space but has a nontrivial Ka¨hler potential. It is perceivable
that a suitable deformation yields an enlarged R-symmetry group.
We should stress that after restricting to an ordinary 3-Lie algebra, our theory does not
quite reproduce the BLG theory, but comes with additional terms in the potential, and thus
the theories are necessarily different.
We have, however, quite an amount of freedom in deforming our theory. In particular, one
could add a supersymmetric Yang-Mills-Higgs term. A theory containing both a topological
term and a Yang-Mills terms usually has interesting duality properties and therefore one
should certainly examine this deformation in more detail.
4. Generalized 3-Lie algebras
In this section, we formalize our findings from the previous section and introduce the notion
of a generalized 3-Lie algebra. We also give a class of examples for this structure and discuss
various reduction mechanisms, which allow for obtaining ordinary Lie algebras from the
generalized 3-Lie algebras.
4.1. Definition
Our generalization of the notion of an n-Lie algebra essentially amounts to relaxing total
antisymmetry of the structure constants:
Definition. Given an R-module A, we define a real generalized 3-Lie algebra with pairing
as an algebra A with a ternary map [ · , · , · ] : A3 → A and a symmetric, bilinear, positive
definite pairing ( · , · ) : A2 → R satisfying the following properties:
1) fundamental identity:
[x, y, [a, b, c]] = [[x, y, a], b, c] + [a, [x, y, b], c] + [a, b, [x, y, c]] (4.1)
2) invariance of the pairing or metric compatibility condition:
([x, y, a], b) + (a, [x, y, b]) = 0 (4.2)
3) the additional symmetry property:
([x, y, a], b) = ([a, b, x], y) (4.3)
for all x, y, a, b, c ∈ A.
The first condition guarantees that a 3-bracket of scalars transforms as a scalar. The
second property guarantees the invariance of the pairing (·, ·). The third property seems to
be crucial in defining gauge invariant, supersymmetric actions as demonstrated above.
The pairing allows us to introduce a metric corresponding to a basis (τa) by
hab = (τa, τ b) , (4.4)
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and, since the pairing is positive definite, we can raise and lower indices using this metric.
Structure constants fabcd ∈ R are introduced as for 3-Lie algebras:
[τa, τ b, τ c] = fabcdτ
d and fabcd = fabceh
de . (4.5)
The conditions we imposed above on our generalized 3-Lie algebra with pairing can be refor-
mulated using the structure constants. The fundamental identity reads as
f efgdf
abc
g = f
efa
gf
gbc
d + f
efb
gf
agc
d + f
efc
gf
abg
d , (4.6)
and the remaining conditions are captured by the symmetry properties
fabcd = −f bacd = −fabdc = f cdab . (4.7)
A submodule I ⊂ A is called a left ideal, if for all i ∈ I, a, b ∈ A, we have [a, b, i] ∈ I;
it is called a right ideal, if for all i ∈ I, a, b ∈ A, we have [i, a, b] ∈ I instead. A generalized
3-Lie algebra is called simple, if the only ideals it contains are the trivial ones.
4.2. The generalized 3-Lie algebras C2d
Let us now present a class of examples of generalized 3-Lie algebras which are motivated by
the original 3-bracket in [5]. Consider the vector space V of Hermitian matrices of dimension
2d × 2d and define Γch = diag(1n,−1n) ∈ V . Note that the vector space V splits into the
direct sum V = V0 ⊕ V1 with
Γcha0 = +a0Γch , a0 ∈ V0 ,
Γcha1 = −a1Γch , a1 ∈ V1 .
(4.8)
We take A = V1 and, using the commutator [a, b] := ab − ba, define the ternary operation
[ · , · , · ] : A3 → A as
[a1, a2, a3] 7→ [[a1, a2]Γch, a3] , a1, a2, a3 ∈ A . (4.9)
A slightly tedious calculation shows that the fundamental identity (4.1) is satisfied.
As the bracket is not totally antisymmetric in general, A satisfies only the requirements
for being a generalized 3-Lie algebra. If we antisymmetrized the bracket (4.9), however, we
would loose the fundamental identity.
We can evidently define a symmetric positive definite pairing on A by
(a, b) := tr (ab) , a, b,∈ A , (4.10)
which satisfies the compatibility condition (4.2):
tr ([t1, t2, a]b) + tr (a[t1, t2, b]) = 0 , (4.11)
as one readily verifies by a direct computation. We denote this generalized 3-Lie algebra A
with the 3-bracket (4.9) and the pairing (4.10) (A, [ · , · , · ], ( · , · )) by C2d.
Note that in the case of C4, we can restrict V1 to the four-dimensional vector subspace
spanned by the gamma matrices in four dimensions, upon which it turns into the 3-Lie
algebra A4.
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As a (real) basis for A, we can use products of odd numbers of gamma matrices
γi , iγijk , γijklm , . . . . (4.12)
In this basis, the pairing in A reduces to the ordinary scalar product:
(γA, γB) := tr (γAγB) = 2d δAB , (4.13)
where A,B are ordered multi-indices. The expression δAB vanishes, unless the indices con-
tained in A are the same as the ones in B. Note that this Killing metric is positive definite.
We can now define the structure constants
fABCD = tr ([[γA, γB ]Γch, γ
C ]γD) , (4.14)
where A,B,C,D are multi-indices. The symmetry properties of the structure constants are
summarized in
fABCD = −fBACD , fABCD = −fABDC , fABCD = fCDAB . (4.15)
Note that with the basis (4.12), it is not difficult to see that C2d is simple: Given two
elements γA and γB of the basis of A, where A and B are multi-indices, it is always possible
to find basis elements γC and γD such that [γA, γC , γD] = γB .
4.3. Comments on the Higgs mechanism
To pass from a stack of M2-branes to a stack of D2-branes, it is necessary to compactify
the target space of the theory along a transverse direction. In the paper [8], a procedure
for performing this reduction has been proposed. It is based on compactifying a transverse
direction on a circle with radius R, which in turn is interpreted as fixing the value of the
corresponding scalar field. By SO(8)-invariance, one can choose to fix
〈X8〉 = R
ℓ
3/2
p
=
√
gs
ℓs
= gYM , (4.16)
where R is the compactification radius, ℓp the Planck length, gs and ℓs the string coupling
constant and the string length, respectively, and gYM the Yang-Mills coupling constant in
the effective field theory on the D2-brane. This procedure, when applied to the BLG theory
with a 3-Lie algebra given by the structure constants fabcd = εabcd, results – according to
[8] – in a theory which is a deformation of N = 8 SYM theory with gauge group SU(2) in
three dimensions with the deformation parameter 1gYM . That is, in the strong coupling limit,
both theories agree. The gauge algebra arises here by fixing one index of the 3-Lie algebra
structure constant: εabc = εabc4.
If the generalized 3-Lie algebra is a 3-Lie algebra, i.e. the structure constants are totally
antisymmetric, this procedure applies also to our case with the Lagrangian (3.7). However,
it should yield a different deformation.
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4.4. Associated Lie subalgebras
Let us now study a similar procedure in the case of C4 in more detail. We choose again the
basis (4.12) and select τH = γ4 as the element with respect to which we want to reduce.
Explicitly, our basis reads as
τA = (γ1, . . . , γ4, iγ5γ
1, . . . , iγ5γ
4) . (4.17)
We have the pairing (τA, τB) = 4δAB and the non-vanishing structure constants of the form
f ij41 read5
f1243 = −f1342 = f2341 = −4 , f5643 = −f5742 = f6741 = −4 . (4.18)
Then the set of generators {γ1, γ2, γ3, iγ5γ4} spans a Lie subalgebra with respect to the
bracket
[τA, τB ] := [τA, τB , γ4] . (4.19)
Another way of identifying a labelled Lie subalgebra for a given element (the label) s in a
generalized 3-Lie algebra is to find a maximal set of elements Ls such that
[s, a, b] = [a, b, s] for all a, b ∈ Ls . (4.20)
In this case, the fundamental identity guarantees that the Jacobi identity is satisfied for all
elements a, b ∈ Ls with the Lie bracket [a, b] := [a, b, s].
4.5. The associated Lie algebra by combination
Let us now associate a Lie algebra to a (generalized) 3-Lie algebra in a different way. Elements
of A×A define a map φ : A 7→ A
φ(a1,a2)(b) := [a1, a2, b] , a1, a2, b ∈ A . (4.21)
Note that φ(a1,a2) = −φ(a2,a1) and φ(a1,a1) = 0. We denote the set of all pairs in A modulo
equivalence and triviality by BA. The commutator of two elements in BA is again in BA:
[(a1, a2), (b1, b2)] ⊲ v : = φ(a1,a2)(φ(b1,b2)(v)) − φ(b1,b2)(φ(a1,a2)(v))
= [a1, a2, [b1, b2, v]]− [b1, b2, [a1, a2, v]]
= [[a1, a2, b1], b2, v] + [b1, [a1, a2, b2], v]
=
(
φ([a1,a2,b1],b2) + φ(b1,[a1,a2,b2])
)
(v)
= −[[b1, b2, a1], a2, v]− [a1, [b1, b2, a2], v] ,
(4.22)
where a1, a2, b1, b2, v ∈ A and we used the fundamental identity in the third line. This
expression is clearly contained in BA. Furthermore, the Jacobi identity for the commutator
[( · , · ), ( · , · )] is satisfied, and (BA, [( · , · ), ( · , · )]) forms a Lie algebra.
Let us briefly recall the example of the 3-Lie algebra A4 and examine the associated Lie
algebra arising by combination. Recall that the algebra A4 is spanned by γ-matrices in four
dimensions (see the appendix) and endowed with the triple product
[A,B,C] := [[A,B]γ5, C] . (4.23)
5We list only non-vanishing components up to obvious symmetries.
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The associated Lie algebra BA4 is spanned by pairs of γ-matrices and its bracket is easily
computed:
[(γi, γj), (γk, γl)] ⊲ v = [γ
ij , γkl]v . (4.24)
Thus, BA4 is isomorphic to the Lie algebra spin(4) ∼= so(4).
The fact that the family of generalized 3-Lie algebras C2d is simple, implies that one
can construct an associated Lie algebra by combination also in this case. Being simple
translates here into two “fundamental actions” closing into a third one. That is, for any
a1, b1, a2, b2, x ∈ A there are constants λAB such that ,
φ(a1,b1)(φ(a2 ,b2)(x)) = [a1, b1, [a2, b2, x]] = λAB[γ
A, γB , x] . (4.25)
Let us study the case C4 in more detail. The basis we use is again the one given in (4.12).
We associate a map φ : A 7→ A to pairs of elements (τA, τB) ∈ A2 via
φ(τA,τB)(v) := [τ
A, τB , v] . (4.26)
By definition, we have φ(τA,τA)(v) = 0 and φ(τA,τB)(v) = −φ(τB ,τA)(v), v ∈ A. Further
identities are
φ(τA,τB)(v) = −φ(γ5τA,γ5τB)(v) (4.27)
and
φ(γi,γ5γj)(v) = 0 . (4.28)
Thus, the nontrivial generators for the Lie algebra are (γ[i, γj]) = −(γ5γ[i, γ5γj]) and taking
the sum and the difference of these generators, we learn that the Lie algebra is so(4) plus 6
generators acting trivially in the representation given by the triple bracket. We can therefore
associate them with additional u(1)-charges.
4.6. Remarks on further structures involving 3-brackets
In [23], it was observed that the necessary condition for the closure of the SUSY algebra in
the Bagger-Lambert theory is not the fundamental identity, but the weaker condition
f [abcgf
d]ge
f = 0 , (4.29)
which defines a weak 3-Lie algebra. This condition is equivalent to the fundamental identity
for totally antisymmetric structure constants. In other cases, it allows for a trivial lift of a
Lie algebra with some structure constants f˜ ijk to a 3-Lie algebra by defining
fφijk = f˜
ij
k . (4.30)
Such structure constants, however, cause problems in the Lagrangian formulation of the
Baggert-Lambert theory and one has to work at the level of equations of motion [23].
Note that a weak 3-Lie algebra does not always allow for an associated Lie algebra by
combination. As an example, consider the algebra A generated by 5 elements τa, the metric
hab = δab and the non-vanishing (and not totally antisymmetric) structure constants
f1245 = 1 , f1354 = 1 . (4.31)
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The weak fundamental identity (4.29) is trivially satisfied. However,
φ(τ1,τ3)(φ(τ1,τ2)(τ
4))− φ(τ1,τ2)(φ(τ1,τ3)(τ4)) = τ4 (4.32)
and there are no λab such that λabφ(τa,τb)(τ
4) = τ4. In other words, the commutator of the
actions of (τ1, τ3) and (τ1, τ2) cannot be represented by another pair action.
Similarly, since the structure constants are not totally antisymmetric, it is clear that a
Lie algebra by the usual reduction procedure can be constructed only for a small set of weak
3-Lie algebras.
A different class of ternary algebras is formed by the so-called Lie triple systems [37].
The 3-bracket [ · , · , · ] in such a system A satisfies (amongst others) the equation
[x, y, z] + [y, z, x] + [z, x, y] = 0 , x, y, z ∈ A , (4.33)
Furthermore, the map [x, y, · ] : A → A with x, y ∈ A acts again as a derivation, i.e. it satisfies
the fundamental identity. It is evident that a 3-Lie algebra with a totally antisymmetric 3-
bracket satisfying (4.33) is trivial. Contrary to an ordinary 3-Lie algebra, a generalized 3-Lie
algebra can in fact also be a Lie triple system, as the total antisymmetry yielding triviality
is no longer present.
The classification of such Lie triple systems relies on embedding them into a Z2-graded
algebra [37, 38]; for more recent work see e.g. [39].
5. Discussion and outlook
In this paper, we presented a Lagrangian of a new supersymmetric gauge theory which might
be relevant to the description of a stack of multiple M2-branes. The theory was formulated
using superfields and it has the same Lagrangian as the BLG theory up to additional poten-
tial terms for the matter fields. Demanding gauge invariance of the action imposed certain
conditions on the involved structure constants fabcd, which led us to the concept of a gen-
eralized 3-Lie algebra. We gave a class of examples for such a generalized 3-Lie algebra and
identified associated ordinary Lie algebras.
If we do not include the superpotential terms, the interaction terms for the matter fields
(which differ from the BLG theory) still break the R-symmetry group from the original SO(8)
of the BLG theory down to a subgroup. This fact might only be curable, however unlikely, by
changing the Ka¨hler potential of the target space, which is a rather drastic step. Although
this feature is clearly a disadvantage of our theory compared to the BLG model, studying
the action proposed in this paper might nevertheless tell us much about the uniqueness of
supersymmetric 3-Lie algebra gauge theories.
Needless to say that there arise several directions for further research from our discus-
sion. The first one concerns a detailed study of the extended supersymmetry and conformal
invariance of the theory. The second direction is to examine the various deformations of our
theory (as e.g. adding a Yang-Mills-Higgs term and choosing a nontrivial Ka¨hler potential).
A third point is to develop a general classification of generalized 3-Lie algebras, as it has been
done for ordinary 3-Lie algebras and Lie triple systems, as well as to study the associated Lie
algebra structures. The question of reduction and the Higgs mechanism is intimately related
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to this point. The fourth direction is certainly to study the quantum properties of our theory,
as e.g. done in [40] for the BLG theory. This should be facilitated by having a superfield
formulation at hand. In particular, it would be interesting to extract the restrictions on the
choice of superpotential W imposed by demanding renormalizability. Eventually, there is
also the very important question of integrability of the theory. Recall that the U(N)×U(N)
gauge theory recently proposed in [32] has been shown to come with a dilatation operator
linked to integrable spin chains [33]. A similar result for our theory would certainly be most
desirable.
Note added. While this manuscript was being finished, the paper [41] appeared, in which
the total antisymmetry of the 3-bracket was also relaxed.
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Appendix
A. γ-matrices and Clifford algebras
We use the following conventions for the gamma matrices generating the Clifford algebras in
various dimensions with Euclidean signature:
{γµ, γν} = 2δµν , (γµ)† = γµ . (A.1)
In four dimensions, we work with the following explicit set:
γµ :=
(
0 σµ
σ¯µ 0
)
, γ5 := γ
1γ2γ3γ4 =
(
1 0
0 −1
)
, (A.2)
where σµ := (−i~σ,1), σ¯µ := (i~σ,1). Note that we use these conventions only in the definition
of the generalized 3-Lie algebras C2d, while on three-dimensional superspaceR3|8, we followed
the convention of Wess and Bagger [34].
With our conventions in four dimensions, we have (γµ)† = γµ and the following useful
formulas:
{γ5, γµ} = 0 , [γ5, γµν ] = 0 , γµν = −12εµνρσγ5γρσ ,
[γ5, γ
µ] = −13εµνκλγνγκγλ ,
{γν , γρσ} = 2ενρσκγκγ5 , [γµν , γρ] = 2(δνργµ − δµργν) ,
{γµν , γσρ} = 2εµνσργ5 − 2(δµρδνσ − δµσδνρ)1 .
(A.3)
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An explicit embedding of SU(2) is given by
[γi, γj ] = 2εijkγ5γ
4γk , i, j, k = 1, 2, 3 . (A.4)
The full Lorentz algebra reads as usual:
[γµν , γσρ] = 2(δµσγνρ + δνργµσ − δµργνσ − δνσγµρ) . (A.5)
In arbitrary even dimensions, note that we have for multi-indices A,B:
[γA, γB ] = 0 , ({γA, γB} = 0 , ) (A.6)
iff A and B have an odd (even) number of common indices.
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